Flat rotation curves in Chern-Simons modified gravity 
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We investigate the spacetime of a slowly rotating black hole in the Chern-Simons modified gravity. 
The long range feature of frame-dragging effect under the Chern- Simon gravity well explains the 
flat rotation curves of galaxies which is a central evidence of dark matter. Our solution provides a 
different scenario of rotating space from Godel's solution. 
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Introduction. — There are three fundamental unsolved 
issues in the theory of gravity: quantization of gravity, 
dark energy, and dark matter. The string theory [l|] is a 
promising candidate for a consistent quantum theory of 
gravity. Many attempts in quantizing gravity, however, 
have not been successful. In astronomy/astrophysics, a 
number of observations suggest the existence of dark en- 
ergy [2, y] and dark matter [3|, Ij • Although many sur- 
veys of astrophysical objects have been conducted [5|, it 
has not yet been revealed what is dark matter. For in- 
stance, the flat rotation curves of galaxies [6| have been 
considered to be a robust evidence of dark matter. The 
velocity v oi a star orbiting around the center of a galaxy 
becomes a constant at a certain distance r far from the 
center. While the Newtonian gravity yields a relation 
V DC 1/v^. At present, we usually attribute the discrep- 
ancy to dark matter. However it may be still possible to 
explain the phenomenon based on a theory without dark 
matter. In this paper, we propose a model to solve this 
discrepancy in the framework of the Chern-Simons (CS) 
gravity. 

The CS action (see Eq. ([T])) is a universal entity ob- 
tained from an effective action in the string theory [l|, l7| . 
In fact, the action also appears in condensed matter 
physics such as quantum Hall effect [8|, |9[. Deser et 
al. Ifl] originally constructed a theory of CS gravity in 
(2-t-l) dimensions and recently Jackiw & Pi extended 
it to (3-fl) dimensions llll. Several important conse- 
quences of the CS action have been discussed in theo- 
ries of gravity [71, [ij, [iSl, \l4\. In connection with this 
study, we summarize two important features of the CS 
gravity as follows. First the Schwarzschild solution satis- 
fies the field equation of CS gravity, which indicates that 
the CS theory meets a requirement of classical tests for 
general relativity [iSj. Second, generally speaking, the 
CS term enhances angular velocity or angular momen- 
tum. In other words, the CS term rather modifies the 
gravitomagnetic part of the gravitational field than the 
gravitoelectric part 16]. These facts imply that CS grav- 
ity may behave as if dark matter exists, which motivated 
this study. 

In this paper, we study a solution for a slowly rotating 
black hole in the CS gravity based on a previous work 
[l3|. The frame-dragging effect turns out to be signifi- 



cantly large in a region far from the gravitational source. 
As a consequence, obtained solution explains the fiat ro- 
tation curves of galaxy. By analyzing the frame-dragging 
effect on precession of a spinning object, we also discuss 
a way to confirm the CS gravity in observations. This 
paper indicates a route connecting the quantum theory 
of gravity with the dark matter problem. Hereafter, we 
use the geomctrized units with c = G — 1. 

CS gravity . — We briefly review a theory of the CS 
modified gravity fllj. The action in this paper is given 
by the Einstein-Hilbert action and the CS one. 
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where g is the determinant of the metric, R = g^f^R- 
is the Ricci scalar, R'^ 
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dpTl 
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is the Riemann 



tensor (Fo is the Christoffel symbols), I is a coupling 
constant, and •& is an external quantity. The dual Rie- 
mann tensor density is defined by *i?'^^^'' = \£^^"'^R'^„af3^ 
where e^'^a/J jg the Levi-Civita tensor density of weight 
one. The variation of the action with respect to g^i/ gives 
a field equation 
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where G^'^ is the Einstein tensor, T^'' is the energy- 
momentum tensor, and G^'^ is the Cotton tensor defined 
as 
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Here, w^ = df^d is called embedding vector. In this the- 
ory, the condition 
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should be imposed to ensure the diffeomorphism invari- 
ance. This condition is derived by using the Bianchi iden- 
tity Vf^G'^" = and the equation of motion V^^T^'' = 0. 
Equations ^ and ^ are basic equations in the CS grav- 
ity- 

In the previous work [13|, we obtained a solution of 
Eqs. ^ and H]) for a slowly rotating black hole by us- 
ing the perturbation expansion around the Schwarzschild 



solution. In this paper, we particularly concentrate our 
attention on the case of a spacelike vector v^ = d^d — 
d^z — df^{rcos6) = {0,cos6,—rsm9,0). The metric is 
provided by 



ds^ 



2 (d9^ + sin^ ed(j)^) - 2r^uj{r)dtd(t>, (5) 



where M is mass of a black hole, the ^-dependence of the 
(t(?!))-component is restricted by Eq. ^, and 
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Here, Ci and C2 are constants characterizing the rota- 
tion of a black hole and are related to a small parameter 
e(= J/Mr), i.e., Ci,C2 ^ 0(e), where J is the angular 
momentum. This solution satisfies both Eqs. ^ and ^ 
up to the first order in e. Within the first order of e, the 
solution does not depend on I. The differential equation 
for Lu can be obtained from the non- vanishing components 
of the field equation. In the (t0)-component, the Einstein 
tensor gives the differential equation, whereas the Cot- 
ton tensor vanishes. In contrast in another components, 
the Einstein tensor vanishes, and the Cotton tensor gives 
the same differential equation. Therefore, Eq. ([6]) is also 
a solution in general relativity. We emphasis that the 
Kerr solution does not satisfy Eq. (j4|), which is an im- 
portant difference between the Einstein gravity and the 
CS gravity. 

Here we briefly mention a relation between the origi- 
nal CS gravity and the string theory. In the original CS 
gravity, Eq. Q is imposed to ensure the diffcomorphism 
invariance. As shown in Ref. 7], -d in Eq. ^ is not an 
external quantity but a dynamical variable in the frame- 
work of string theory. Therefore Eq. ([4]) is replaced by 
the field equation [7|: 
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in the string theory. When I is a non- vanishing value and 
i9 is a constant, Eqs. dH) and ([7]), respectively, reduce to 
Qf^" = and *R'^^^^^R'^^^^ = in vacuum. We emphasis 
that our solution in Eqs. ([5]) and (O also satisfies these 
equations. Thus Eqs. ([5]) and © describe a classical field 
which includes effects of quantum gravity. Furthermore, 
we need not to align the rotational axis with the embed- 
ding vector in this case because of u^ = 0. Hereafter 
we consider Eq. ([7|) rather than Eq. (|4]) because Eq. ([7]) 
makes the CS theory be self-consistent. 

Features of solution. — We look into a solution of the 
spacetime of a slowly rotating black hole. For this pur- 
pose, we consider a scalar invariant R"^'^ Ra/s-yS which 



is useful to evaluate the radial dependence of the frame- 
dragging effect. From the metric, the scalar invariant at 
large r is obtained in the form 
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where "(0)" and "(1)" denote the zeroth and the first 
order in e, respectively. The first term stems from the 
Schwarzschild solution, and the second term corresponds 
to the rotation of a black hole. For 6* 7^ 0, tt, the scalar 
invariant asymptotically reduces to zero at large r. As a 
consequence, the spacetime becomes asymptotically flat 
at infinity. The singularity of the rotational axis could be 
avoided by finding nonlinear or exact solutions. We note 
that the frame-dragging part proportional to r^^ decays 
more slowly than the Schwarzschild part proportional to 
r^^ . On the derivation of our metric solution we use the 
absence of the Chern-Pontryagin density *R'^^^'^ R'^„ 
which is a source of gravitational anomaly [l7|. Thus 
the absence of gravitational anomaly gives the long range 
nature of the frame-dragging effect. For comparison, we 
recall the Kerr metric whose (i0)-component at large r 
is given by gl^' — —2JqSit? 9/r, where Jq ^ 0{e) is the 
angular momentum. For this metric, we obtain 
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Thus the Kerr metric gives rise to the rapid decay of the 
frame-dragging part because the second term is propor- 
tional to r~^. 

Trajectories of a test particle. — To show more astro- 
physical consequences of the solution, we investigate tra- 
jectories of a test particle with mass of m. Since the met- 
ric does not depend on t and (f), the t and ^-components 
of four-momentum p^ are conserved for the particle [l8| . 
Hence, it can be assumed that po = —rnE and p^ = mL, 
where E and L arc the energy and angular momentum 
of the particle, respectively. We focus on trajectories in 
the equatorial plane [9 = 7r/2). From gfj.uP^p'^ = —m?, 
we obtain 
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where r is a proper time. Differentiating this equation 
with respect to r, we derive 
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with to' = d(jj/dr. These equations can be solved per- 
turbatively because the last terms on the right-hand side 
of Eqs. (jlOp and (jlip are small compared with the other 
terms, i.e., uj,uj' ~ 0{e). 



We solve Eqs (ITO|) and ((TT|) up to the first order in e 
for circular orbits (r ~ const.). The solutions are then 
given by 
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Using these quantities, we can calculate d4>/dt — 
{dt/dr) d(j)/dT for circular orbits. The circular velocity 
is then obtained as 



d(j) , M 

r—- = ±\ — 

dt V r 
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This is the central result of this paper. The first term, 
which is a monotonically decreasing function propor- 
tional to r~^", is coming from the Schwarzschild met- 
ric. It is very surprising that the second term becomes a 
constant at large r, i.e., 
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Therefore, the same feature can be expected in the rota- 
tion curves of galaxies. On the other hand in the case of 
the Kerr solution, the frame-dragging part is negligible at 
large r because f(K) — ±\/M/V — Jo/r'^ is derived. In a 
galaxy, there are a bulge and a disk associated with the 
central black hole. For the spherically symmetric part 
such as a bulge, an outside spacetime solution has the 
same form as that of our solution. The non-spherical 
part such as a disk would deform the solution in the di- 
rection of the rotational axis. Thus the feature of the flat 
rotation curve is considered to remain unchanged on the 
equatorial plane. 

At first glance, the constant circular velocity v at in- 
finity seems to contradict the asymptotically flat space- 
time. This, however, is explained as follows. It is impos- 
sible to cover the spatial infinity by a single Minkowski 
spacetime. To do so, a number of Minkowski spacetimes 
are necessary. It is possible to consider that the spa- 
tial infinity is covered by several finite-size areas and 
that each area is covered by a Minkowski spacetime. 
In such situation, two adjacent areas are smoothly con- 
nected with each other by virtue of the infinitesimal cur- 
vature which is given by the second term of Eq. ([H]). 
This situation is similar to that for a vector poten- 
tial field created by a solenoid with magnetic flux $. 
For a certain gauge, the vector potential has the form 
Ai = ($/27r) (-y/(x^ +y'^),x/{x^ +y'^),0), where i rep- 
resents spatial indexes. (This is very similar to Eq. (I17p 
below.) If the exact form Aidx^ = da is considered, any 



function for a cannot cover the whole space. Due to this 
fact, the loop integral of Ai can give the non-zero value 
$, i.e., / Aidx'' = f da ^ ^. 

The angular momentum of the Kerr black hole does 
not depend on choices of a 2-surface within the defi- 
nition of J = J ^/^eai30(i>V°'ip^d0d(j)/16Tr [l9[, where 
^^ — (0,0,0,1) is the Killing vector. When we evalu- 
ate the angular momentum of a black hole in Eqs. ([5]) 
and ^ by using the same definition, the angular mo- 
mentum depends not only on Ci and C'2 but also on r. 
This means that the gravitational field also has the an- 
gular momentum whose degree is given by Ci and C2 . It 
should also be noted that such a situation is a result of 
1} — const, in Eq. ([7]). When ^ is changed from a constant 
at large r, the frame-dragging effect would also be modi- 
fied. In particular, when *R''^^'^R^^^^ ^ in Eq. dZ]), the 
solution of Eq. ([2]) may have the same feature as that of 
the Kerr solution. 

Precession of spinning objects. — We discuss a way 
to confirm the CS gravity through the precession 
of spinning objects. To discuss the precession 

of spinning objects, we first adopt the isotropic 
form of the metric derived from the transformation, 
{x,y,z) — (f sin cos 4>,r sin 9 sin (j),f cos 6), where r ~ 
f(l + M/2f) . Then we apply the weak field approxi- 
mation to discuss more accessible situations. Namely the 
post-Newtonian approximation is applied to the diagonal 
components of metric and the leading term at large r is 
considered in the off-diagonal components gu- We obtain 

ds^ ~ - (1 - 2U) dt^ + (1 + 2U) {dx^ + dy^ + dz^) 

+2N^'^\x,y,z)dx'dt, (16) 



where U = M/r, and N^ is given by 
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By using the Minkowski metric 77^^/, we define h^^, = 
g^J.u — '^^j|.v■ It is shown that /i^i^ satisfies the Lorentz gauge 
condition dah'^n ~ 9f^h\/2 — under Eq. ((T6)) . In a local 
Lorentz frame momentarily comoving with a spinning ob- 
ject, the spin obeys an equation dS(^i^/dT = Sf^u'^Viye'f^-,, 
where e^„^ denotes the tetrad and Sa^ = e'f-\Sfi is the 



-(") 



(0 



spin vector 15[. The four- velocity of the spinning ob- 



ject u'^ = efp> is approximated as m^ ~ (l,v''). In the 
weak field approximation in Eq, (I16|) . the equation be- 
comes dS/dr = ft X S, where fl ^ —{v x a)/2 + 3{v x 
VC/)/2 — (V X Ar(^)) /2 and a denotes the acceleration 
vector. This equation seems to have the same form as 
that obtained under the Kerr solution. The last term of 
rj, however, has a different form. We obtain 
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for our solution and 
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for the Kerr solution. For large r, Eq. pSjl is proportional 
to r~^, whereas Ea. p9|) decays as r~^ . This qualitative 
difference can be measured from the radial dependence 
of the spin precession. For such verification, observations 
should be done for spinning objects far from a black hole. 
Thus C'2 can be estimated from observed data according 
to Eq. (fT8l). 

Discussion. — The whole universe given by Eqs. ^ and 
([6|) slightly rotates. However, it is difficult to observe the 
rotation at infinity because the angular displacement of 
objects decreases proportional to 1/r with increasing r. 
The behavior of our solution at infinity is in contrast to 
Godel's solution [20| in the Einstein theory. Equations 
([5]) and ^ also mean that a galaxy is affected by the 
frame-dragging pull of another galaxies. Thus we should 
observe the correlation between the rotational velocity in 
a galaxy and the peculiar velocities of other galaxies to 
confirm the frame-dragging effect. It would be possible 
to estimate C2 from analysis of the correlation. By now, 
unfortunately, a few studies have made on this correla- 
tion. The frame-dragging effect might explain another 
evidences of dark matter, i.e., large velocity dispersion of 
galaxies in clusters JJI. The velocity dispersion in inter- 
acting galaxies may be expected to be larger than that in 
Newtonian picture. Future investigation for cosmological 
density perturbation in this direction is necessary. 

We remark the difference between our theory and the 
other modified gravity theories. The modified Newto- 
nian dynamics (MOND) [2]| certainly describes the flat 
rotation curves. However, The MOND is entirely phe- 
nomenological and not supported by a recent experiment 
[231 • Similarly, the f(R) gravity is phenomenological in 
practice [23|. On the other hand, the CS gravity is di- 
rectly related to an essential part in the string theory, and 
our results are basically parameter free. Therefore, our 
theory should be distinguished from the other theories. 

Conclusion. — We have investigated features of the 
spacetime endowed with a slowly rotating black hole 
within the framework of the Chern-Simons (CS) gravity. 
We found that the CS gravity enhances the gravitomag- 
netic part of the gravitational field far from a black hole. 
As a consequence, the velocity of a test particle in a cir- 
cular orbit surprisingly becomes a constant far from a 
black hole as it found in a galaxy's rotation curve. Thus 
the result explains a robust evidence of dark matter with- 
out introducing realistic matter. Our finding indicates a 
possibility to solve the dark matter problem by a new 
theoretical framework of the CS gravity. To confirm the 
validity of this approach, we need to explain another ev- 



idences of dark matter such as large velocity dispersion 
of galaxies in cluster and structure formation in the uni- 
verse. Further investigation in this direction could bridge 
the gap between purely theoretical quantum gravity and 
more realistic astrophysical phenomena. 
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